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Total Marks — 120
Attempt Questions 1-8
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 1 (15 marks) Use a SEPARATE writing booklet. Marks
@) J X i
1-x*
(b) j 2 dx 3
o 271 COSX
(c) j 3x°Inx dx 3
1
(d) J o x 2
X -x +1
(e) 0] Show thatJ f(x) dx=J f(a—x) dx 2
0 0
' 1
(i)  Use this property to show th{t X*(L-x)% dx = — 3
0 840
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Question 2 (15 marks) Use a SEPARATE writing booklet. Marks
@) A complex number B given byz = J3+i
0] Evaluatez . Verify that 2z is real. 2
(i) Find 1 in the forma+ib, where a and b are real. 1
y;
(b) A point zon the Argand Diagram is given below:
| A
z
: >
2 R
Copy this diagram into your examination booklet and use it to plot the following points.
Clearly label each point.
i z 1
(i) 2iz 1
iy = 1
z
(c) Express —1in modulus argument form, and hence simpl(ify- 1)° 2
Question 2 continues on page 4
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Question 2 (continued)

(d) Sketch the locus and state its equation:

(i) 1z-2 =]z~ 2| 2
(i) zz-3(z+z)=<0 2
(e) m R(Z,)
Q(z,)
P(z,)
. -
O A(L,0) Re

In the figure above, the poin®s Q andA represent the complex numbets Z, and( 1,()
respectively. GiverJOAP = JOQR and [JAOP = [IQOR.

Explain why R(Z,) represents the complex numigz, . 3
You must support your answer with clear and complete mathematical reasons.

End of Question 2
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Question 3 (15 marks) Use a SEPARATE writing booklet. Marks
(a) y
o7
s
1o 5 ) : 10 X
-s
10}

The graph off (x) = 1—10 (x+1)*(3-x) is drawn above.

On separate diagrams, draw a neat sketch showing the main features of each of the

following:

(i) y=f(x-1) 1
i) y=f(x) 1
(i) y={f(%}* 2
(iv) y=xt(xX 2
v ¥y=f(x 2
Vi) y=e'™ 2

m

(b) Given thatl, = j4 seC¢ x dx show that:

0

. 1 -
0 1= (2 +m-21,,) 4
n-1
(i) Hence or otherwise evaluate 1
End of Question 3
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Question 4 (15 marks) Use a SEPARATE writing booklet.
@ () If P(x)=x*+x3-3x?-5x-2, show thatP(x) = 0 has a multiple root,
find this root and its multiplicity.
(i)  Hence factoriseP(x) = x* + x3-3x2 - 5x - 2 into its linear factors.
(b) The equatiornk® +2x-1=0 has rootsx,B,y . Find the monic equations with roots
0  a®piy>
(i)  aB, By.ay
(i) Evaluatea®+ B°+y°
(c) A point P(ct,%j lies on the rectangular hyperbots = ¢*.
0] Show that the equation of the tangent at the pcﬁﬁbt,%j on the
rectangular hyperbola is given by+t*y = 2ct .
(i) Prove that the area bounded by the tangent and the asymptotes of the
rectangular hyperbola is a constant.
End of Question 4
Examiner : ND/BW -7 -
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Question 5 (15 marks) Use a SEPARATE writing booklet. Marks

(@) ABC is an equilateral triangle, inscribed in a circle. X is a point on the minor arc BC.
(1) Prove thatABDX |||A ACX 3

(i)  Prove that XB XC = XA 3

DIAGRAM NOT TO SCALE

(b) State whether each of the following are true or false giving brief reasons
for your answers:

0] sin9x dx = 0 1
J o
(i) xsinxdx =0 2
=
(c) Find the equation of the tangent to the cu@s2x + siny=1 at the pointx:g. 3
(d)  Use the substitutior = asind to show that 3

J J@-x% dx = %azsin‘15 + %x (@*-x*> +C
a

End of Question 5
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Question 6 (15 marks) Use a SEPARATE writing booklet. Marks

@ () Givenaa® +ba +c¢ =0 where a,b,c00 anda OO , prove that 2

a(a)2+ba+czo

(i) A polynomial P(x) with real coefficients , has two of its zer@isand 1+ 2. 3
Find in expanded form, a possible polynonf4Ix) .

(b) Use De Moivres Theorem and binomial expansion to find an expressioos#t 3
in terms ofcosB.

(© ® Given z=cos0 +isinB, prove 2" +in:2008n9 2
z
1 4
0] Hence by considering the expans(on+ —j show that 3
z
cod 9= cos @+ cos@+§
8 2 8
(i)  Hence evaluatej ’ cos’0 do 2
0

End of Question 6
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Question 7 (15 marks) Use a SEPARATE writing booklet. Marks

(@)

(b)

The roots of the polynomiab(x) =x>+ax®+bx+c=0 are three consecutive terms 4

of an arithmetic series. Prove that the relationship between the coefficients is given
by 2a®-9ab+27c=C
Hint: make an appropriate choice for the roots in arithmetic progression.

2 2
A point P(acosd b sird) lies on the eIIipseX—2 +§ =1 wherea > 0andb > C.
a

The equation of the normal at the poRifacosé b sird) is given by
xasind — yb codd = (a2 —bz)sinH coy

0] Show that the ellipse intersects the rectangular hypetyotac® in four 3
points if ab > 2¢?

(i) Show that for0< 8 < 7—2T the normal aP on the ellipse intersects the hyperbola

in two distinct points, sas andB.

(i) If Mis the mid-point oAB, show that the coordinatesfare given by 2

(a2 —bz)cosﬁ ) (a2 —bz)sinH

2a 2b

(iv)  Hence find the locus d#l as @ varies. 3

End of Question 7
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Question 8 (15 marks) Use a SEPARATE writing booklet. Marks

(a)  For the functiony = cos™*(e*),

0] Find the domain and the range. 2

(i) Draw a neat sketch the graph of = cos*(e¥). 2

(i)  Hence draw a neat sketch of the curwe= + 2
(cos™(e"))

(b) 0] Using induction, show that for each positive integehare are unique 4

positive integersp, and q,, such that(l+ \/E)” =p, + qnx/i

(i)  Show also thatp,” - 2g,> = (-1)". 1

(© If f(xy)="f(x)+f(y), forall x,y#0, prove that
0] f=f(-1=0 2

(i) f (x) is an even function. 2

End of paper
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M athematics Extension 2 HSC Trial Examination 2008 Solutions

Question Criteria Marks Bands
1(a 2
( ) J 2x dx Let u=x? D%:ZX or dX:%
1-x* ax 2X
O J 2x dx :J 2X %
1-x* 1-u? 2X
=j ! du
V1-u?
=sinfu +C
=sin? x*+C
1(b n 3
(b) JZ o
o 27 CosX
Let t=tan’
dt —1 X 1 x| _ 1 2 _ 2 dt
D&—Eseé—z——z[H taﬁ—z]——z[ Tt ] or dx—1+t2
q 9_1—t2
and cosf = 5

1+t

DJZ dx Jl 1 2 dt
s 2+ cosX 0 2+% C1+t?
+t

s

sincet=tani= land t= ta§= 0

(! 1 2 dt
0 2(l+t2)+i . 1+t2

1+t2 1+t2

1 2
:J 1+t 2 dt

o 3+t2  1+t?

1
2
J L
s 3+t

I
N
o
o
w
+
o
N
o
—
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1(c) ¢
J 3x* Inx dx Let u=Inx ﬂ=3x2 du_1 V=X
1 dx dx x
DJ 3x2Inxdx=uv—jvdu
1
& ("
:[x3lnx] - ng
1 ) X
& ("
:[xslnx] - x* dx
! J
& _X3 ¢
=[¥Inx]” - | =
1 _3 N
6 ¢
=[e’Ine’ ~1°In1]- e 1
3 3],
6
:2e6—e_+l
3 3
5¢° +1
-
. ]
1(d) J dx :J 1 &
X2 =x +1 \/xz—x+(%)2+1— @y
- J 1
(=7 +3
= log |(x—4)+/(x—2F +3 | +C
1(e)(i a
@) J f(a-x) dx Letu=a-x %=—1
0 dx
If x=athenu=a-a= x=0 thenu=a-0=a
a 0
J f(u).—du:—J f(u) du
0 a
:J f(u) du
0
1(e)(ii) ! !
J x*(1-x)® dx :J 1-x)°(1- @-x)f dx
0 0

1

=J (1-3x+ 3x* —x3X° dx
0
1

:J X =3x" +3x® — x° dx

X' 3¢ x? xOT
- == 4 =
[7 8 3 10}

0
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Question Criteria Marks Bands
2(a)(i) ZE=(\/§+i)(\/§—i)=4 2
0 zz is real.
2(a)(ii) i i
11 () () .
(B ()
2(b)
(1)-(iii) 2z | & 3
z
1 2 ]
2(©) i-1= Vs> !
4
(i —1)5 = (\/5)5 cis%T: 4»\/_2:is777r7
ol
=2 J2 2}
=4-4 1
2(d)(i)
1
1
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2(d)(ii)

(x-3)° +y?<9

v

2(e)

OAOR =0AOQ + OQOR
= JAOQ + [JAOP

ie argz, = arg, + arg,
the triangleORQ an@PA are equiangular ardce simila
O their sides are proportional

Oz =z,z ieRrepresents the complexmberz,z,
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Question Criteria Marks Bands
3(a)(i) 1
10 5 10
-5
-1
shift graph 1 place to the right
3(a)(ii) y 1
10+
5l
it it /‘\7/‘—\ |
-10 5 10 X
5l
10}

reflection in y axis
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3(a)(iii) y
10
5,,
g ——— T

5+
104
graph above x-axis

graph O<y< 1 (lesssteep gradier

and graphy > 1 steeper gradient
3(@)(iv) y
Al

+ :}L +

Al
ni

3 roots at -1,0 and
2 stationary points
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3(@)(v)

y

sketch only +ve section of orginal
graph andreflectin - axis

for —1<y<1the sketch islesssteegpand more
stegpafter y<-land y>1

3(a)(vi) y
| — >
-6 -4 6 X
Sl
10l
where cuts x — axis now becomes (-1,1) and (3,1)

anything that was negative now becomes an
asymptote above the- axis
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3(b)(i) m
In :J 4 sed x dx
0
J sed'x dx = J sed 2 x. sef xdx
where u=sed " 2x yzse@x
dx
%z(n—Z)se@_?’x sex tam V= tan
J sed "2 x. sefxdx = uv - v du
=sed  Zxtax -] 6- 2)sd 3x sec tAx dx
= sed "2 x tarx - - 2) sdt™2x tdx dx
=sed " Zxtax - - 2) sdZx (sbox- i
=sed" "2 x tarx - f- 2) sdbx- sBE 2 dx
Djseé’xdx= set? x tam - n(— 4) skx- n¢ IZ) Secdx
Iseé’xdx+ 0- 2]' setx= s&¢x tan- nf _[2) Secdx
(n—1)J seCxdx = set?x tarn - n- ?) s&é dx
Iseé‘xdx=ise?:'2x tan-"" 2 82 dx
n-1 n-1

| = il[[seé"z X tarx]f —(n—2)|n_2}

:i_[ se¢” ¢)tang > séc® (O)tan(®) ¢ ), ][]

-i —n-

" n- 1[ o Z)I"_Z}

3(b)(ii)

¥ =%[(\/§)°—0|0} -1
et 4
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Question Criteria Marks Bands
4@)0) | P (x)=4xX+3x*-6x-5
P"(x)=12x* + 6x~ 6 1
12x° + Bx— 6= 0= x=— 1,—%
P'(-1)=0 1
O x=-1is a root of multiplicity - 1
4@ | x*+x®-3x% - 5x- 2= (x+ 1’ (x- 2 1
A0 () +2dx-1=0 .
XX +2x =1
(Vx(x+2)) =1
x(x2 +4x+4)=1
5 +4x% + 4x—1= 0 1
4(b)(ii afy afy aq 111
(b)(ii) aB.ay. By = By apy apy _1 1 1 .
vy B a yBa
3
HRGHE 1
X X
i3+2—1:0
X X 1
X2 —2x2-1=0
4D)(i) | g®+20-1=0
B +2B-1=0
VP +2y-1=0
(a3+ﬁ3+y3)+2(a+,8+y)—3:0 1
Da®+pB°+y*=3-2(0)
- 1
4(C)(I) y':—i at [Ct E] y '= —i 1
X2 't t2
y‘%z‘—z(x‘d)
yt? —ct =—x+ct
yt? + x = 2ct 1
ST
() M:x=0= y:E A
t
M
N:y=0=x=2ct 1
area =1( Et)[éj
2 t
=2c¢? which is a constal g 1
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Question

Criteria

Marks

Bands

5(a)(i)

OBAC=60 (AABC isequliateral A)

OBXC =120 (opposite angles in cyclic quad ABXC are @amentary
OAXC=0ABC=60 ([d'son sree arc at crcunference are equal)
OOAXC =0AXB=60

in ABDX and AACX

0 DXC=0OAXB=60 (proved above)
ODXB=0OCAX (O'sat drcumference on sanme arc)
0 ABDX |[JAACX  (egiangular )

5(a)(ii)

ACDX |||AABX s provedin { )above)
sinceABDX [|IAACXK

2
8
Q
%
N

BC.AX = (BX.AC)+ (CX .AB)
and as |BC = AC = AB (equditeral A)

0 + LHS and RHS by BC
0 AX=BX+CX

5(b)(i)

y=sin9x when 0<x<rr it has 4% cycles,
more area above x — axis then below

O jo”singx dxz0 (false)

5(b)(ii)

Xsinx is an even function

U

O J ’ xsinxdx=2J * xsinx dx# 0
n 0
2

(false)

10
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5(c) dy , . o
slope tangent Tj_ . ( differentiating implicitly)
X

-2sin & + cog/ﬂ =0
dx

cosyﬂ = 2sinX
dx

Q:ZSm&

dx cosy

At (g,g), slope of tangent = 2
Equation of tangent is
T T
-—=2(X-—
Y=g =2=%)

m

y=2x—€

5(d) Let x=asind dx=asinddéd

a2
=—j cos20+1d@=
2

2

2
%Bsin2€+ 9} +C:a7[sin9cose+ 6]+C

From this triangle :

[Va? -x*dx=[ Ja®-a” sirf §acosaif=a’[ cos’ 6d6

X .
« a Z=sin@
a
2 2
a’-x
aZ—x2 cosd =
a
@=sin"a
a2
7[sin9coser+9]+c=
2 2 2 2
a’| xva’-x 4 X X a’ . X
Z 2222 4sin?t 2 [+C=2Vat-x* +—sint=+C
2| a a a 2 a

11
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Question Criteria Marks Bands
6(@)(0) | ag’ +ba+c=0 1
aa? +ba +c=0
ag? +ba +c=0
ag’ +ba+c=0 1
Oa is a solution
6(a)(i) | (x-3)(x+3)(x~-(1+ 2))(x-(1- 2)) 1
(x2+9)(x2—2x+ 5) 1
x* —2x° +14x2 - 1&+ 45 1
6(b) cos@+i sin@=( cod+i sid)’
=cos 0+ 4 codf si#- 6cG¥ sif- i4 cBs S+ 1
equate real part:
cos¥= cosf- 6¢co9 sid+ <id 1
=cos - 6c0§6( t c&sﬁ)+( 4 c6§)2
=8cos &- 8cosH+ 1 1
6(c)(i) 2" =cosnd +i simé
Z" =cos(-nd) +i sin(-nb) !
=cosnd —i siméd
Z"+7"=cosn@+i sim@+ cosd—i sind 1
=2cosnd
6(c)(ii 4 1
(c)(ii) (Z+1j =z4+422+6+i2+i4
z Z z
=(z4 +%J+4(z2 +—:Ej+6
z z
=2cos#+ 4 2cos@)+ 6 1
1 N _ 4
z+=| =(2cosf) = 16cosd
z
1
[016cod 8= 2cos@+ 8coFH
cos“6?=E cos@+} cos&+—3
8 2 8
6(c)(iii) n s
J'Zcos“é?dH:J‘Zl cos@+—1 cos&+§d9
0 08 2 8
_{1sin49 1sin® 3}2 1
== + = +—-0
8 4 2 2 8]
=isin 271+%15inn+1T— 0
37
16 1

12
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Question Criteria Marks Bands
7(a) Letrootsbe: a-d ¢ g+d 1
sum of roots: & =-a :a:—% 1
a=—%isarootto:x3+ax2+bx+c=0 .
a)’ a)’ a
-5 #o(-5) ol -5)eme
3 3 3
a a ab
-——+—-—+¢=0
27 9 3
-a*+3a®-9ab+2%c=0 L
2a>-9%b+27c=0
7(b)(i) Consider the intersection of the two curves:
y—i
X2
2 4
X—2+—§b2=1 x*b? - x?a®?+azt’=0 1
a- X
Solving forx* : A=a’h* -4a’%c* 1
for the roots to be real and distinct:
A>0 1
a‘b* -4a’hx**>0
a’b? > 4c? or ab>2c?
If ab>2c?, x* has two distinct values and hencbas 4 values
comesponding to 4 points of intersection.
7(b)(ii 2 2
(b)) y=C— xasinH—C—bcoa9:(a2—bz)sinecosﬁ
X X
2 H 2 2 2 H 1
x-asind-c bcoa9:(a -b )xsm@ coy
xzasiné?—(a2 —bz)xsine co¥-c’b cog= 0
2 2\2 . z 2 . 1
Az[(a -b ) schosH} + 4ac’b co¥ sird
If O<8<7§T’ 0<sind<1,0< co¥< l,ah> 0
1

O A >0 and this gives two values fer

13
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7(b)(iii) Z(a2 - b2) sind coy (a2 - bz)sinH coy
X +X, = - = -
2asin@ asiné
X +X, (a2 —bz)sinH co¥
2 2a sin@
a’ —b?)cos@
xz—( ) (1)
2a

sub into normal to fing :
(a2 —bz)cose . .

a~——~——singd - ybcosﬁz(a2 —bz)sme cosd
2 _ 2

(a—zb)siné?—yb:(a2 —bz)sine cogz 0

yzwsine (2

7(b)(iv) Eliminate 8 :

2ax
From (J) co¥ = 7
. 2by
From (2 S|n9——az_b2
sinf@+cogfd=1
4a*x? 4b?y?
2 + y 2 =1
(w-e) (w0
X2 . y? 4

a2 —b? 2 a? —b? 2
2a 2b

14
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Question Criteria Marks Bands
8@ | Domain:e*>0 for all x 2
for cos'(e*)-1<se*<l onlyif0<e <1, ie.ifx<O.

Range: For this domain range will b@ <y Sg
8(a)(ii) 2
limit at y=1
ary shape
2
\ |
6 -4 -2 o 2 4 6 v
-2
-4
8(a)(iii) 2
gy
0
6 -4 -2 0 2 4

limit at y=1

shape (reciprocal of (ii)) .,

15
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8(b)(i) prove true for n=1

0 @+v2) =1+42 truewhere p, = 1and q, = 1
assume true for n=k

u (1+\/§)k = Py +Qk\/_2

provetrue for n=k+1

0 @+/2) = @+ 2f @+ 29

= (P, +qu/§)(1+ \/_2) Ly assumption above)
ll pk\/§+qk\/§+ 2,

sincep, andg, are intgers
O p, +2q, isaninteger p,,,
O p, +0, isaninteger= q,,,

hence (1++/2)! = p,,, + G,V 2

O true for [J n positive integers

:(pk"'qu)"'(pk"'qk)\/E

If true forn=k andh=k+ 1 and since true foe 132.

8(b)(ii) p2-2g2=1-2xf =-1= € 1)

If pkz - Zka = (_l)k

thenwhenn=k +1

(Pe1)® = (@) = (P + 20, ) —2(p +G ) (from above)
= pk2 +4p,q + 4qk2 - 2pk2 - 4p,q — z:lkz

= ZQkZ - pkz

=-1(p” - 20,”)

= -1 (-1f

= (-1
if true forn=k andn=k+ 1

andsince true fon= 1,2,3...

O true for O n positive integers

8(c)(i) f(xa) = f(x)+ f(a)

if x=1then f(Q)=f@)+f@) = f@L)=0

if x=a then f(a®)=f(a)+ f(a)

f(a?) =21 (a)

0 2f(-1)=f(2)=f @)= 0

8(c)(i) | since X a)=f &2)
0 2f (-a)) = f ((~a))?

= f(a%)
=2f(a)
since 2f (@)= 2f (-a))
0 f(a)=f(-a) even function
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